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Abstract 

Model-independent effects of A(1232) excitation on nucleon polarizabilities are computed in a Lorentz- 
invariant fashion. We find a large effect of relative order (Ma — M) /M in some of the spin polarizabilities, 
with the backward spin polarizability receiving the largest contribution. Similar subleading effects are 
found to be important in the fourth-order spin- independent polarizabilities a&, otE2, hiv, and (5mi- 
Combining our results with those for the model-independent effects of pion loops we obtain predictions 
for spin and fourth-order polarizabilities which compare favorably with the results of a recent dispersion- 
relation analysis of data. 

PACS numbers: 13.60.Fz - Elastic and Compton scattering. 14.20.Dh - Proton and neutrons. 25.20.Dc - Photon 
absorption and scattering 
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I. INTRODUCTION 



The nucleoli Compton scattering (7N^ 7N) amplitude, in Coulomb gauge, can be written 
in terms of six operator structures with coefficient functions Ai(s,t) to AQ(s,t): 

Tfi = e' ■ eA±(s,t) + e' • qe • q' A 2 (s,t) 

+ia ■ (e x e) A$(s, t) + ia ■ (q' x q) e ■ e A^s, t) 

+ [ia ■ (e x q) e • q' — ia ■ (e x q') e • q) A 5 (s, t) (f) 



+ ( ia ■ (e x q') e • q' — ia • (e x q) e' • q) Aq{s, t 



where q (q ; ) is the initial (final) three-momentum of the photon, and e (e ; ) is the photon 
polarization vector. 

Nucleon polarizabilities can be defined as coefficients in the low-energy expansion of this am- 
plitude. Namely, expanding the amplitude in powers of the photon energy oj, the first two terms 
[0(uj°) and C^u 1 )] are fixed by the low-energy theorem (LET) Q], while terms of O(oj 2 ) are pro- 
portional to the electric and magnetic polarizabilities a and (3, terms of O(oj 3 ) define the spin 
polarizabilities [2] 71 to 74, and terms of 0(u; 4 ) define the fourth-order spin-independent polariz- 
abilities a Eiy, Pmu, a>E2, Pm2 SB- 

More specifically, the Breit-frame Compton amplitude — up 
to and including terms of order oj a — can be written using Eq. Q and [2oj | : 
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where 21] w = (s - M 2 )/2M, J = (M 2 - u)/2M, and = (1 + t/2uJ0j'). ( Note that nucleon 
pole terms proportional to oj 2 /M 5 in and to 1/M 3 in A2 are not essential to what follows 
and so have been omitted here.) 

In other words, after the Compton amplitude is expanded in powers of photon energy: 
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where the coefficients are operator valued, Eq. (^Q) can be presented schematically as: 
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T (2) ~(a,/3), T (3) ~ (71,72,73, 74), TW ~ (aEu, Pmu, 0-E2, 0M2) 

(4) 
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FIG. 1: The one 7rN-loop contributions to 7N scattering (crossed graphs are not shown). 

According to the LET, the Born graphs give the full result for and All other effects 

(e.g., meson loops) which contribute to and can only result in renormalizations of the 
charge and magnetic moment. 

In contrast, T^ 2 \ etc., can be influenced by a number of effects. Most significant are 

those that are proportional to a negative power of light hadronic scales, the lightest such scale 
being, of course, the pion mass, m n ~ 139 MeV. Contributions which scale with negative powers 
of m-v are due to the long-range effects of the pion cloud, see Fig.^ These contributions to a, 
(3, and the 7j's are known from chiral perturbation theory [5|)|6|>LD]- 

The next lightest hadronic scale is the excitation energy of the A(1232)-isobar: 

A = M A - M ~ 293 MeV. (5) 

The most significant effects of A excitation contribute inverse powers of A to the nucleon polar- 
izabilities, and hence, diverge in the large-iV c limit. In the real world where A is not vanishing 
but given by Eq. ©, these effects are still potentially important, since A is heavier than by 
only about a factor of two. 

The leading effect of A excitation was computed for a, 8, and 71-74 by Hemmert et al. 
and for the fourth-order polarizabilities by Holstein et al. Here we shall compute the com- 
plete effect of the A-excitation contribution (Fig. |2j) in a manifestly covariant fashion. While 
we find agreement with previous calculations for the leading contributions, the subleading ones, 
suppressed by A/M relative to leading, bring a sizable correction to some polarizabilities. The 
biggest correction is in the backward spin polarizability, , y n . In fact, there the subleading A 
effect exceeds the leading one by at least a factor of two. We stress that this result is a model- 
independent consequence of Lorentz invariance and the existence of a light P33-resonance. In- 
deed, any model of Compton scattering should give the same answer for all pieces of polariz- 
abilities which scale with negative powers of m n and A. 

The paper is organized as follows. In Sec. [H] we perform naive dimensional analysis on the 
operators T^ k ' of Eq. (J2J), in order to estimate the relative importance of 7rN loops, A excitation, 
7rA loops, and other mechanisms in these quantities. Having established that polarizabilities 
receive contributions which scale with negative powers of m n and A, we compute the 1/A pieces 





FIG. 2: The A-excitation graphs. 



3 




(«) (») (<0 (<0 

FIG. 3: The one-7rA-loop contributions to nucleon polarizabilities. 

arising from A excitation in Sec. II 111 In Sec. II VI we briefly review the results of Refs. 0, El 
IE B l| f° r the pieces of a, /?, 71-74, and oe„, Q-E2, Pmu, 0M2, which are due to 7rN and ttA 
loops. We sum the model-independent contributions discussed in Sees. Illll and II Vi and compare 
to results of a dispersion-relation analysis as well as to recent experimental values for the forward 
and backward spin polarizabilities in Sec. \V\ 



II. NAIVE DIMENSIONAL ANALYSIS FOR POLARIZABILITIES 

Contributions to in Eq. (j2J) can be classified according to whether they are generated 
by pion physics, by the excitation of A degrees of freedom, or by physics at a higher-energy 
scale, A. The minimum value of A is set by the mass of the next light meson or by the next 
iV* -resonance excitation-energy. A can also take values of the other heavy-mass scales in the 
theory, such as M, Ma, and 4irf n . 

At tree level pions can only contribute to Compton scattering through the chiral Wess- 
Zumino-Witten (WZW) anomaly. The leading (in negative powers of m n ) contribution of the 
WZW-anomaly to the amplitude (k > 3) scales as: 

(Anomaly) . (6a) 



A 2 



In the case of loop graphs the dominant contribution of a pion-nucleon L-loop graph to the 
amplitude T^ k \ with k > L + 1, behaves according to: 

T( fc ) (vr N loop) ~ — * . . (6b) 



A 2L 



m 



Meanwhile, the leading contribution to due to A excitation, i.e. the one with most powers 
of 1/A, is a tree- level graph with the A in either the s- or n-channel (Fig. 0): 

r(fc) ( A )~X^' (6c) 
as long as k > 2. The contribution of a irA L-loop graph has as its leading piece: 

even k: 



T( fc )(.A loop) ~ A2Lm f A ! Qdd , ' (6d) 
provided that k > L + 1 and we assume m n is significantly smaller than A. 
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Finally, all the higher energy ("short-range") effects scale as: 

i 

T^ k ' (short-range) ~ ~\k+T ' (^ e ) 

Therefore, if A is significantly above m n and A, the short-range physics cannot affect the con- 
tributions which scale with negative powers of m n and A. Hence the latter contributions are 
not only dominant at low energy but also model- independent. Any theory of Compton scat- 
tering which obeys chiral, gauge, and Lorentz symmetries, includes pion loops, and has a light 
A-resonance should give the same answer for the contributions which scale with negative powers 
of m n and A. 



III. CALCULATION OF A-EXCITATION EFFECTS 

To compute the effect due to A excitation, we assume the following form of the electromag- 
netic NA transition Lagrangian [lol ]: 

£ 7 tva = — ^- n4 (ig M F^ - 9E1^) d^A u + H.c, (7) 

where M + = ^(M + Ma), and T3 is the isospin NA transition matrix, with normalization 

t^t 3 = f . 

This 7AA coupling is invariant under electromagnetic gauge transformations (to the order 
to which we work), as well as under the spin-3/2 gauge transformation: 

A„(x)-» A M (s)+^e(x), (8) 

with e a spinor field. Invariance under @ ensures the correct spin-degrees-of-freedom count- 
ing Other forms of this coupling, such as the conventional G1-G2 representation with 
off-shell parameters may result in different "short-range" pieces of polarizabilities, however 
contributions proportional to negative powers of A will be the same. 

In the Delta's rest frame (where Ao = 0, d$Ai = —iMa\, and diAj = 0) the coupling (JJJ) 
becomes 

C lN A = ~J^^^ T 3 (9mB { + gEjsE') Ai + H.c, (9) 

where B l is the magnetic and E % the electric field. Thus, the two terms correspond to A^A 
magnetic and electric transitions, respectively. The precise relation of these couplings to the 
conventional helicity and multipole amplitudes is given in the Appendix. 

Computing the sum of the s- and tt-channel A contributions, Fig. |2 to the polarizabilities 
we obtain (see Ref. for more details): 

<-» = £55* (10a) 

e 2 M fAM + 2 g% g 2 M 2M+ 2 M 2 g 2 M \ 

(71,72,73,74) = ^t^5a( m^ + 2mI' "X' ~~m 2 ~ iv^xj- (10b) 
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This is an exact result for the A-excitation contribution. The result of Hemmert et al. 
corresponds to the leading term in a A/M expansion of these expressions. We choose to expand 
in A/M + , then (3 is entirely of leading order (LO) while a is of next-to-leading order (NLO):|22T] 

2 2 

= =0(1), (11a) 

2 2 

(3 = ?M— = 0(1/A). (lib) 

H Air 2M\ A V 7 ; V ; 

The spin polarizabilities to, respectively, LO and NLO in this expansion are given by: 

e 2 M 

<9(1/A 2 ) : ( 7l , 72 , 73, 74) = (°> ~»Af> °> Sm) • (12a) 



4vr 4M^A 2 

4vr4M 2 MA 1 m + 2M 2 



0(1/A) : ( 7l , 72, 73 , 74) = -TT7TT7X + 0, -2&, 2g 2 f ) . (12b) 



Of special interest are the forward (70 = 71 — 72 — 274) and backward ( 77r = 71 + 72 + 274) 
spin polarizabilities. From Eq. (|12a|) and Eq. ()12b|) it is easy to derive the Delta contribution 
to these quantities: 

e 2 M 

0(1/A 2 ) : (70, 7.) = ^JmT^(-Sm, dli), (13a) 

~, , ^ / x e 2 M / 1 9 8M? , , 9 \ . 
0(1/A) : (70, 7.) = (-hi, -^9 2 u + We) ■ (13b) 

Our expansion parameter A/M + ~ | is relatively small. However, the subleading result 
for the spin polarizabilities contains large coefficients. In fact, in the backward direction, the 
subleading effect is always larger than the leading one by at least a factor of 

NLO AM 

i2_ = 8 f^+~ 2 . (14) 
7LO M 2 V ; 

Non-zero values of qe only serve to increase this factor. 

Next we compute the A-excitation contribution to the fourth-order polarizabilities at leading 
and subleading order. Details are given in Appendix B. The result is: 

e 2 1 

0(1/A 3 ) : {pl E v,Pm v ,ole2,Pm2) = ^^2^3 (°> 9m, 0, 0) , (15a) 

e 2 1 

0(1/A 2 ) : (a E v,l3Mv,a>E2,f3M2) = ^T 4M 3 A 2 

x ( _ ¥#M ~Se + 2 9e9m, 9m(9m - 9e), 0, -6g 2 M ) . (15b) 



IV. REVIEW OF MODEL-INDEPENDENT PION-LOOP CONTRIBUTIONS 

All the 1 / m n terms which scale as in Eq. (|6a|) and Eq. (|6b|) have already been computed 0, 
The leading non-analytic (LNA) behavior in m n of a and (3 comes entirely from one-loop 
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graphs, Fig. ^ in chiral perturbation theory 

where e 2 /4-7r ~ 1/137, qa — 1.26, f n ~ 93 MeV. Corrections to a and [5 suppressed by m^/M 
relative to leading have the same scaling as short-range effects (JHeJ), and so a model-independent 
result for them is less useful. 

For the fourth-order spin polarizabilities the situation is different, since the leading contri- 
bution has an additional power of l/m n 



e 2 

0(l/m 2 ) : (71, 72, 73 , 74) = 



1 ( 9 A V ( 1 1 

' > '2,1 



3ml \ WnJ V ' ' 2 ' 2 
9a{2Z - 1) 
(27r/ ff ) 2 m2 







(-1,0,1, 


-0] 







117) 



In this case 7rN loops and the WZW anomaly graph all contribute. 

Corrections of 0(m n /M) relative to these leading effects are then also model-independent 
predictions of chiral perturbation theory. These were computed recently in 0]: 



0(l/m w ) : (71, 72, 73, 74) 



e 2 / 9A \ ~ 



4vr 12Mm 7r 
x (3 + WZ, 8 + k v + 3(1 + k s )(2Z - 1), (18a) 
§ + Z, -f - 2rc„ - 2(1 + k s )(2Z - 1) ) 



2 / \ 2 
e / 9A \ it 



and in |6j: 

0(1/**) : (71, 72 , 73 , 74) ^ ^ y ^ fJ 

x (3 + 10Z, 6 - k v + (1 + n s )(2Z - 1), § - Z, -£) . (18b) 

Although the results of 0] and Q are different, the computation of all one-loop graphs in both 
papers agree, as do the predictions for all directly-observable experimental quantities 13(. The 
difference lies in the definition of spin polarizabilities. 

For the fourth-order polarizabilities only the LNA contribution of ttN loops is known at 
present 0,0,13: 

0(l/m%) : (a Eu ,p M u,a E2 ,pM2) = ^ (j^r) lo^Ki 5' 7 ' ~ 3 ) ■ ^ 

Contributions that are proportional to negative powers of A can also come from the 7rA-loop 
graphs, Fig. |21 The scaling l)6d|) means that irA loops contribute to the 0(1/ A) term in a and 
/?, and to both the 1/A 2 and 1/A term in the spin polarizabilities. The contribution to the 
spin- independent polarizabilities was computed in Ref. 0: 

(20) 



0(1/ A) : (a, (i) = —-( -^V 4 (l + £ln/(— ), sW(— 
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with /(£) = £ + \/C 2 — 1 and /i4_the 7riVA coupling. The LNA behavior of the ttA loops for the 
7's has been computed in Ref. 9]. It is: 

(l/^) :(7l , 72 , 7 3 , 74 ) = ^(^) 2 

x (-2,2-21n/(£),l-ln/(£),-l + ln/(£)). (21) 

Unfortunately, the 1/A piece of the irA loop effect on 71-74 does not yet exist in the literature. 
Since the leading contribution of ir A loops (|21|) is numerically small, we expect the 1 /A piece 
to be small as well. Nevertheless, a future computation of this contribution is important as it 
will complete the analysis of the model-independent effects in spin polarizabilities. 

For the fourth-order polarizabilities situation is even less satisfactory. There we know com- 
pletely just the 0(l/m^A) and 0(1/A 3 ) contributions due to irA loops Q: 

0(l/m;A) : (a Ev ,(3 Mv ,a E2 ,(3 M2 ) = ^ (J^j (-§, §, f , -6) , (22a) 

0(1/A 3 ) : (a E „,p Mu ,a E2 ,p M2 ) = ^^^y(%-llnf(£), 

-1 + I W(^), -12 + 6In/(£), 6 - 6 In /(A-)) . (22b) 

One-loop graphs with insertions from C)l{ n can generate effects in the fourth-order polarizabil- 
ities scaling like l/(m,AM + ). Results for these sub-leading effects do not presently exist in the 
literature. However, we expect them to be comparable to the small 1/A 3 effects calculated in 
Ref. 0|, since A/M + is of roughly the same size as m 2 /A 2 . Once again though, checking this 
expectation in a full calculation of these "relativistic" 7rA-loop effects is an important future 
step. 



V. DISCUSSION AND CONCLUSION 

Combining the results of previous two sections, we now have all the l/m T and 1/A pieces of 
nucleon spin polarizabilities, except one — the subleading [i.e., 0(1/ A)] contribution of the ttA 
loops. This is expected to be small, so here we focus on the model-independent contributions 
which are already known. 

The numerical values for these pieces of 71-74 are presented in Table [I] The sum of these 
contributions can be compared to the results of the dispersion-relation (DR) analyses shown in 
the last two columns. The differences between the two DR analyses can be regarded as indicative 
of the size of their theoretical uncertainty. For the 7riV-loop 0(m~ l ) contribution we quote two 
results: the first is due to Ref. 0] and the second (in brackets) is due to Ref. 0]. The total sum 
also is given as two numbers in the cases where p] and 0] disagree. 

In generating Table [I] for the 7NA couplings we used the values extracted from our recent 
analysis of Compton scattering data 10]: gu = 2.6, g E = —6. The value of qm is consistent 
with the large-_/V c value gu — 2.63. The value of g E is unusually large, however, combined with 
the rather small gu value, it leads to a reasonable radiative width of the A resonance. Also, 
here g E affects only 71 at 0(A _1 ) — and that in a fairly mild way: the magnetic transition still 



S 



dominates over the electric one in spin polarizabilities. For the ttNA coupling we have used the 
large-Ac estimate: Ha = -i=9A — 2.7, which is about 5% smaller than the value inferred from 
the width of the A-resonance. 

From this table it is clear that adopting the results of Ref. [f| for the (^(m" 1 ) corrections 
makes the comparison to the DR analysis much more favorable. It is also clear that the 0(A _1 ) 
effect plays a crucial role in achieving agreement with the DR result. 

Table ITT1 shows the model-independent contributions for the forward and backward spin po- 
larizabilities of the nucleon. The sum of all the presented contributions can again be compared 
to DR analyses and also to the recent experimental results obtained at the LEGS (BNL) and 
MAMI (Mainz) facilities. 

The 0(1/ A) effect of the A-excitation plays a very significant role in the backward spin 
polarizability y^. Because of this large and positive correction the sum of all model-independent 
pieces for the proton is 7^' = —34 x 10~ 4 fm 4 , which lies in between the mutually-inconsistent 
LEGS and MAMI measurements. The prediction for the neutron is consistent with the recent 
MAMI measurement. 

In Table IIIII we show the results for some of the model-independent contributions to the 
fourth-order polarizabilities. Their sum can then be compared with two recent dispersion anal- 
yses. While the leading A-excitation effect is non- vanishing only for 0mv, the subleading contri- 
bution is substantial in a Eu, Pmui and @M2- in all three cases it helps produce better agreement 
with the DR results. 

Admittedly, although the expressions for the polarizabilities presented here are model inde- 
pendent, the particular values of the parameters used depend on the method of their extraction. 
For instance, assuming that A excitation completely dominates the E2 and Ml multipoles of 
pion photoproduction at the A peak, one can use the Particle Data Group values for the helicity 
amplitudes 0] and the relations given in Appendix A to find gu — 3 and qe — — 1. The 
prediction for all the polarizabilities then changes accordingly, as shown in Table ITVl where we 
present results for the polarizabilities when the PDG 7AA parameters are adopted in preference 
to those found in the fit of Ref. ^3). The subleading effect of A excitation are important for 
this set of parameters too. 

We close with a note of caution. It is only fair to point out that, while the sum of the model- 
independent contributions to the spin polarizabilities presented here compares favorably with 
dispersion relations and experiments, the situation in the spin-independent a and (3 polarizabili- 
ties is not as pleasing. There the (^(m" 1 ) effect alone is in good agreement with experiment. This 
agreement is spoiled when 0(A _1 ) corrections due to A excitation and 7rA loops are included. 

Regardless of whether the agreement shown in TablesltlandlTTlis coincidental or not, Eqs. ()12a|) 
and (|12b|) derived here are model-independent results for the pieces of the nucleon polarizabilities 
arising from magnetic and electric excitation of the A. They exhibit a large correction (of 
order 1/A) to the leading result (of order 1/A 2 ) for the spin polarizabilities and also produce 
substantial effects of 0(1/ A 2 ) in the fourth-order polarizabilities. 
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APPENDIX A: HELICITY AND MULTIPOLE —> A AMPLITUDES 

Here we relate g E and qm to conventional jNA amplitudes. The relation to the helicity 
amplitudes is: 



A 



A V2 = -^^\ JK [2M+9m + A9e] ' (Ala) 



A 3/2 = -^\^-i 2M +9M - Ag E ] , (Alb) 



where A = Ma — M, M + = ±(M A + M). The inverse relation is: 

3/2 



1 f 1M\ ( I \ 

e v/ ^+ r 1/2 " 7i^ 3/2 J ' (A2a) 



1 (2M) 3 / 2 

5M = — 

e 



The relation to the multipole amplitudes is: 



M--^-^)- ^/j^A,,, (AS.) 



Ml = -I (a 1/2 + V3A 3/2 ) = — 1^,/ A [4M + 9M - A«, E ] . (A3b) 



Therefore the E2/M1 ratio is given by 



E2 



M1 - JM^9E 



(A4) 



It is interesting to note here that the correct large N c limit of this ratio is trivially reproduced by 
Eq. (|A4|) provided that qe and gu do not depend on N c . Indeed, then only the masses depend 
on N c : A = 0(1/N C ), M + = 0(N C ), and hence, from Eq. (|A4|) . the ratio behaves as 

E2/M1 = 0(1/N%), (A5) 

agreement with the recent result of Jenkins, Ji and Manohar [igj |. 



m as 



APPENDIX B: ON CALCULATION OF FOURTH-ORDER POLARIZABILITIES 

Since the representation of the Compton amplitude given by Eqs. and © is manifestly 
invariant under crossing (s u), we compute only the s-channel contributions Af(u,t). The 
full amplitudes are then obtained by adding the crossed partner as follows: 

Ai(u,t) = A?(u,t) +Af(-ui',t), fori = 1,2; 
Ai(u,t) = A s i (u,t)-A s i (-u',t), for i = 3,..., 6; 
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Thus, if the s-channel amplitude has a low-energy expansion, 

A!(u,t)=J24}" n t l (Bl) 

nl 

the full amplitude expands as 

M», t) = E ( E a nl F n + E «2 G « J ^ fOT »' = 2 
i \even n odd n / 

A^t) = E(E a 2 F - + E a 2 G ")^ fori = 3,..., 6 

/ Vodd n even n J 

where F n = uj n + u/ n and G ra = uj n — uj' n satisfy the following recursion relations 

F n = lolo' {F n _ 2 + t G„-i), (B2a) 
G n = UjJ (B2b) 

with r = —t/2oJoj' = 1 — z. The coefficients a n z can then be straightforwardly related to the 
polarizabilities defined by Eq. ([%]). For example, in fourth order we find the following relations: 

O-Ev + Phlv + j2(aE2 + 0M2) = 2^40 > 

@Mv — ^«E2 + \&M2 = — 2a^ , (B3) 
qPM2 - oa 02 + a 20 - 2a u - a 10 - 4a 01 . 

Our results for Af (u, t) due to A excitation can be found in Ref. ^(|. The resulting expressions 
for the fourth-order polarizabilities are given above, in Eqs. (|15a|) and ()15b|) . 
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TABLE I: Pieces of nucleon spin polarizabilities which scale with negative powers of light hadronic scales 
tyi-k and A compared to the dispersion- relation analysis of Ref. fl4j . The numbers in round brackets in 
columns "0(m~ )" and "Sum" are obtained using Eq. (|18afl . while the numbers outside the brackets are 
obtained using Eq. (|18b|l . All values are in units of 10~ 4 fm 4 . 
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TABLE II: Pieces of nucleon forward and backward spin polarizabilities which scale with negative powers 
of m,r and A compared to a dispersion-relation analysis and experimental values. (For the 0(m~ ) 
contribution the result of Ref. was used here.) All values are in units of 10~ 4 fm 4 . 
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TABLE III: Pieces of fourth-order spin-independent nucleon polarizabilities which scale with negative 
powers of m w and A together with a comparison to dispersion-relation analyses. All values are in units 
of 10" 4 fm 5 . 
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TABLE IV: Results for A-excitation pieces of the spin and fourth-order polarizabilities using an alterna- 
tive set of 7 TV A parameters: gu = 3, gE = — 1- The last two columns indicate how the total prediction 
is changed. 
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